For an (n -l)-manifold S topologically embedded as a closed subset of an n-manifold N, we define what it means for S to have a singular regular neighborhood in N. The principal result demonstrates that 5 has a singular regular neighborhood in A' if and only if the homotopy theoretic condition holds that N -S is locally simply connected (1-LC) at each point of S. Consequently, S has a singular regular neighborhood in N if and only if S is locally flatly embedded (n ¥= 4).
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Abstract.
For an (n -l)-manifold S topologically embedded as a closed subset of an n-manifold N, we define what it means for S to have a singular regular neighborhood in N. The principal result demonstrates that 5 has a singular regular neighborhood in A' if and only if the homotopy theoretic condition holds that N -S is locally simply connected (1-LC) at each point of S. Consequently, S has a singular regular neighborhood in N if and only if S is locally flatly embedded (n ¥= 4).
In 1964 Hempel [7] obtained such results for the case n = 3; for a 2-manifold 2 in the 3-sphere S , the term he used, namely, that 2 could be deformed into each of its complementary domains, is equivalent to the property that 2 has a singular regular neighborhood in S"3. His argument for showing that S3 -2 is 1-LC at each point of 2 was based on the Sphere Theorem, a result that applies only in dimension 3, and, therefore, his proof does not extend to higher dimensions. The argument given here, which provides an alternative to Hempel's for n = 3, employs the important result of Olum [12] that a degree one map between two orientable «-manifolds induces an epimorphism of their fundamental groups.
The notion of singular regular neighborhood has arisen in another setting: Cannon [2, Theorem 3.10] has shown that a 1-complex in a 3-manifold is tame if and only if it has a singular regular neighborhood. However, we consider no analogues of his result and deal only with singular regular neighborhoods of codimension one submanifolds. (Bryant and Lacher [16] have described an extension of this property, which they call strong freeness, that applies to submanifolds of arbitrary codimension.)
1. Definitions and notation. All manifolds are connected and boundaryless. If we refer to an (n -l)-manifold S in an «-manifold A, we assume S1 to be embedded as a closed subset of A.
Cohomology groups are computed with integer coefficients. Essentially we follow Epstein's formulation [6] of the definition of degree of a map (see also [12] ); in particular we disregard negative values of degree and say that a proper map (i.e., the inverse image of each compact set is compact)/: A -> M between orientable «-manifolds has degree one if / induces isomorphisms between the cohomology groups with compact supports H"(M) and H"(N).
Let S be an (n -l)-manifold in an «-manifold A such that A -S has two components U and V. We say that S has a singular regular neighborhood in V if there exists a map h of S X I into Cl U such that h(s, 0) = s and h(s, t) G U for all s G S, / > 0, and that S has a singular regular neighborhood in N if it has singular regular neighborhoods in both U and V. Similarly, we say that S is locally singularly collared from U at s G 5 if there exist an open subset W of 5 containing s and a map /of W X I into Cl U such that f(w, 0) = w and/(w, t) G U for all w G W and / > 0, and that S is locally singularly bicollared at s G 5 if it is locally singularly collared from both U and V at s. According to standard practice, 5 is said to be locally singularly collared from U or locally singularly bicollared if it has the appropriate property at each of its points. In the case that 5 does not separate A, then S has a singular regular neighborhood if there exist a locally flat embedding g of S in an «-manifold M, a neighborhood A' of g(S) in M, and a map / of A' into A such that fg = identity,/(A' -g(S)) il 5 = 0, and to each í G S there correspond connected neighborhoods As and Bs of g(s) in A' and í in A, respectively, such that As -g(S)
consists of two components Ax and A2 for which f(Ax) and f(A2) are contained in different components of Bs -S. Note that in this case there is a natural and sensible definition of locally singularly bicollared and that if S has a singular regular neighborhood, then it is locally singularly bicollared in A.
2. Degree one maps. Throughout this section we shall suppose that 2 is an (« -l)-manifold in E" and that E" -2 consists of the two components U and V. Theorem 3. Suppose S is an (n -l)-manifold in an n-manifold A such that A -5 has two components, U and V, and S is locally singularly collared from U at s G S. Then U is l-LC at s. Thus, if S has a singular regular neighborhood in U (or if S is locally singularly collared from U), U is l-LC at each point of S. The corollary follows from [1, Theorem 7] in case « = 3 and from [3] or [4] in case « Ü 5.
Remark. If 5* separates A into two components U and V, and U is l-LC at each point of 5, it is not known (« > 4) whether S is collared from U. For completeness we mention the following theorem. The key to the argument is that A -5 is k-LC at each point of S if it is 1-LC [11, Theorem 6].
Theorem 7. Suppose S is a (n -l)-manifold in an n-manifold N. Then N -S is l-LC at each point of S iff S has a singular regular neighborhood. Furthermore, in case N -S has two components, U and V, U is l-LC at each point of S iff S has a singular regular neighborhood from U.
We close with two questions pertaining to an (« -l)-manifold S in E" and a component U of E" -S. The second question is unsolved even for n = 3, while the first has an affirmative solution in that case [15, Theorem 6] . 
